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Abstract
The kinematical quantities derived from the velocity field of a non-
geodesic congruence are studied. We found the shear tensor components
are finite in time but diverge at the event horizon of the spacetime located
at ρH = 0. The surface gravity on the horizon is just the proper accel-
eration of the uniformly expanding distribution of observers, in spherical
Rindler coordinates. The Raychaudhuri equation is fulfilled for our non-
geodesic congruence of particles worldlines.
Keywords : expansion bubble, surface gravity, nongeodesic congru-
ence.
1 Introduction
It is well known that the planar Rindler reference frame is endowed with an
event horizon of an infinite area. However, defining horizon entropy needs the
horizon area be finite. Therefore, to study the thermodynamic properties of
Rindler’s horizon or the kinematical quantities associated to a congruence of a
velocity vector field, we look for other, more convenient coordinates [1] [2].
The generalized Rindler reference frame (or the spherical Rindler coordi-
nates) will be used in what follows to address the problem of a nongeodesic con-
gruence of particles with a timelike 4- velocity [3] [4]. Even though the Rindler
metric is Minkowskian, there will be a distorsion of the particle worldlines,
a nonvanishing expansion due to acceleration. In addition, the Raychaudhuri
equation [3] [5] concerning the time evolution of the scalar expansion should be
observed.
1
2 Witten expanding bubble
Let us now consider the Witten bubble spacetime [6]
ds2 = −g2ρ2dt2 + (1− R
2
ρ2
)−1dρ2 + ρ2cosh2gt dΩ2 − (1− R
2
ρ2
) dχ2 (2.1)
with R ≤ ρ ≺ ∞, dΩ2 is the metric on the unit 2 - sphere , R and g are
constants and χ - the coordinate of the compactified fifth dimension. Witten
has studied the decaying process (an expanding bubble) of the ground state
of the Kaluza - Klein geometry, which, although stable classically , is unstable
against a semiclassical barrier penetration [7].
Let us take the 4 - dimensional subspace χ = const. of the Witten bubble
geometry [8]
ds2 = −g2ρ2dt2 + (1 − R
2
ρ2
)−1dρ2 + ρ2cosh2gt dΩ2 (2.2)
The above spacetime is flat provided ρ >> R, but written in spherical Rindler
coordinates (a spherical distribution of uniformly accelerated observers uses this
type of hyperbolic coordinates) . Let us note that the singularity at ρ = R is a
coordinate singularity [9] as can be seen from the isotropic form of (2.2), using
a new radial coordinate r
ρ = r +
R2
4r
(2.3)
with R/2 ≤ r <∞. The metric (2.2) becomes now
ds2 =
(
1 +
R2
4r2
)2
(−g2r2dt2 + dr2 + r2cosh2gtdΩ2). (2.4)
The Minkowskian character of (2.2) when ρ >> R can be seen from the trans-
formation
x¯ = ρcoshgtsinθcosφ, y¯ = ρcoshgtsinθsinφ, z¯ = ρcoshgtcosθ, t¯ = ρsinhgt
(2.5)
where (x¯, y¯, z¯, t¯) are the Minkowski cartesian coordinates
ds2 = −dt¯2 + dx¯2 + dy¯2 + dz¯2 (2.6)
and g plays the role of the (constant) acceleration of the spherical distribution
of observers.
3 Kinematic parameters
Our purpose in the present paper consists in the determination of the kinemat-
ical quantities (expansion, shear, vorticity, etc.) associated to the 4 - velocity
vector field uα in the spacetime
ds2 = −g2ρ2dt2 + dρ2 + ρ2cosh2gt dΩ2, (3.1)
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where uα = (1/gρ, 0, 0, 0), uαuα = −1 . It is interesting to note that the previ-
ous ”static” observers with ρ = ρ0 = const. move hyperbolically in Minkowski
coordinates
r¯2 − t¯2 = ρ2
0
, (3.2)
with r¯ =
√
x¯2 + y¯2 + z¯2 , r¯ > t¯ and the horizon at ρ = 0 (as we shall see)
corresponds to the light cones r¯ = ±t¯.
The expansion scalar Θ of the observers worldlines (the rate of increasing of
a volume element) is given by the divergence of uα
Θ ≡ ∇αuα = 2
ρ
tanh gt, (3.3)
taken at ρ = ρ0. We note that Θ varies from −2/ρ to 2/ρ when −∞ < t <
∞. It means the particles’ worldlines are expanding for t > 0 but undergo a
contraction for t < 0. The fact that it is an increasing function of time is not
surprising if we remind that the spacetime (3.1) is flat, i.e. no gravitation is
present to focusing the worldlines. In addition, the congruence is not geodesic
and, therefore, the acceleration 4 - vector is nonvanishing. From (3.3) we get
Θ˙ ≡ uα∇αΘ = 2
ρ2cosh2gt
(3.4)
Hence, we have Θ˙ > 0 , a consequence of our spherical expansion distribution
of uniformly accelerated observers.
Let us compute now the 4 - acceleration of the observers having the velocity
uα
aα = uβ∇βuα (3.5)
Using the following nonzero Christoffel symbols
Γρtt = g
2ρ, Γtρt =
1
ρ
, Γtθθ =
1
2g
sinh2gt, (3.6)
we obtain aα = (0, 1/ρ, 0, 0) . The invariant acceleration will be, therefore
a ≡ √aαaα = 1
ρ
. (3.7)
It is a known fact that the Rindler spacetime has an event horizon [2] [10]. In
our coordinates (3.1) the horizon is located at ρH = 0. The surface gravity is,
therefore given by
κ =
√
aαaα
√−gtt|H = g. (3.8)
In other words, the constant g from the coordinate transformation (2.5) is noth-
ing but the surface gravity on the event horizon. It is worth to note that the
invariant acceleration a = 1/ρ depends on the position where the ”static” ob-
server is located.
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Let us find now the shear tensor of the particle worldlines. We have
σµν =
1
2
(hαν∇αuµ + hαµ∇αuν)−
1
3
Θhµν +
1
2
(aµuν + aνuµ) (3.9)
where hµν = gµν+uµuν is the projection tensor onto the direction perpendicular
to uµ and σµν expresses the distorsion of the worldlines in shape without change
in volume [3].
The eqs. (3.3) and (3.5) yield for the nonzero components
σρρ = −
2
3ρ
tanh gt, σθθ = σ
φ
φ =
1
3ρ
tanh gt. (3.10)
while
σ2 ≡ 1
2
σµνσ
µν =
1
3ρ2
tanh2gt. (3.11)
It can be checked that the shear tensor is traceless. In addition, all the above
components depend on g and vanish when g = 0.
As far as the vorticity tensor
ωµν =
1
2
(hαν∇αuµ − hαµ∇αuν) +
1
2
(aµuν − aνuµ) (3.12)
is concerned, all components are vanishing.
We are now in position to check whether the Raychaudhuri equation
Θ˙−∇αaα + 2(σ2 − ω2) + 1
3
Θ2 = −Rαβuαuβ (3.13)
is obeyed. Keeping in mind that ∇αaα = 2/ρ2, Rαβ = 0 (our geometry (3.1) is
flat) and making use of the previous results, we find that eq.(3.13) holds.
As an overall observation, we note that the expansion scalar, accelaration
and some components of the shear tensor are divergent on the horizon.
4 Conclusions
We have used a spherical distribution of uniformly accelerated observers to
study the kinematic quantities associated to their velocity field vector. The
scalar expansion of the worldlines changes sign at t = 0 and diverges on the
event horizon ρ = 0. The fact that Θ˙ is always positive is related to the lack
of gravity (our spacetime is Minkowskian in disguise ; it represents the Witten
bubble spacetime for ρ >> R).
The nongeodesic congruence is endowed with shear whose components vanish
when the surface gravity g of the Rindler horizon is null.
We also checked that the equation for the time evolution of the scalar ex-
pansion - the Raychaudhuri equation - is fulfilled.
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